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1 Introduction
1999 Poizat $\mathrm{J}\mathrm{S}\mathrm{L}2002(67)$ : $d$
2 $C_{d}(x, y)$ $(k, C_{d})$ $d$





$\ldots$ $a,$ $b,$ $c,$ $\ldots$
$\overline{k}$ $k$
F
Definition 2.1 $c$ $\deg(C)=d$ generic curve
$\sum_{i+j\leq d}\alpha_{ij}.X^{i}\mathrm{Y}^{j}$
$(d+1)+d+(d-1)+\cdots+1=(d+1)(d\dashv- 2)/2$
$\{\alpha_{\iota’j} : i+j\leq d\}$
Remark 2.2 1. $\deg>2\text{ }$ generic curve ea irreducible.
2. $\Sigma_{1+j<d}\beta_{ij}X^{i}\mathrm{Y}^{j},$ $\beta_{00}=1$ $\overline{a}_{1},\overline{a}_{2)}\ldots$ , $\overline{a}_{n}$
$\frac{(d+\overline{1})(d+2)}{2}-1\geq n$
trdeg$( \overline{\beta}/\overline{a}_{1}, \ldots,\overline{a}_{n})=\frac{(d+1)(d+2)}{2}-(n+1)$
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3. $\deg(C)=d$ generic curve $C$ $\overline{a}_{1},\overline{a}_{2},$ $\ldots,\overline{o}_{n}\in C$
$\frac{(d+1)(d+2)}{2}-1\geq n$ trdeg $(\overline{a}_{1},\overline{a}_{2}, \ldots,\overline{a}_{n})\geq n$
Proof. 1: $P(X, \mathrm{Y})=\sum_{i+j\leq d}\alpha_{ij}X^{i}\mathrm{Y}^{j}=P_{1}(X, Y)P_{2}(X, \mathrm{Y})$
$\deg(P)=d,$ $\deg(P_{1})=d_{1},$ $\deg(P_{\mathit{2}})=d_{2}$ $d=d_{1}+d_{2}$






$d_{1}<d_{2}$ $\geq$ $>$ $d_{1}=d_{2}$ $d=1+1$
2: $\overline{a}_{1},$ $\ldots$ , $\overline{a}_{n}$ $\overline{\beta}$
$\sum_{i+j\leq d}x_{ij}a_{k\text{ }^{}i}a_{k1}^{j}=0(k=1, \ldots, n)$
$(n,$ $\frac{(d+1)(d+2)}{2})- J\dagger\overline{\tau}F^{1}\mathrm{J}(1a_{20}a_{21}1a_{10}a_{11}:..a^{i}a^{j}a^{d}1a_{\mathrm{n}0}$
$a_{n1}a_{n0}^{i}c_{n1}^{j\prime}a_{n1}^{d}:$: $:::::$ : $::::::::$ : $:::::::$ :$::..:a_{20}^{i}a_{21}^{j}a_{21}^{d}101111)$
$n$ $\overline{\mathrm{F}(\overline{a}_{1},\ldots,\overline{a}_{n})}$ $(x_{ij})_{i+j\leq d}$ $\frac{(d+1)(d-\mathrm{i}^{\dagger}- 2)}{2}-n$
Generic curve 1 trdeg $(\overline{\beta}/\overline{a}_{1}, \ldots,\overline{a_{n},})=$
$\frac{(d+1)(d+2)}{2}-(n+1)$
3: $\overline{\alpha}$ $C_{\ovalbox{\tt\small REJECT}}$ 2 trdeg $(\overline{\alpha}/\overline{a}_{1}, \ldots,\overline{a}_{n})=$
$\frac{(d+1)(d+2)}{2}-(n+1)$
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trdeg $(\overline{a}_{1}, \ldots,\overline{a}_{n})$ $=\mathrm{t}\mathrm{r}\deg(\overline{a}_{1}, \ldots , \overline{a}_{n)}\overline{\alpha})-\mathrm{t}\mathrm{r}\deg(\overline{\alpha}/\overline{a}_{1}, \ldots , \overline{a}_{n})$
trdeg$( \overline{\alpha})+\mathrm{t}\mathrm{r}\deg(\overline{a}_{1}, \ldots,\overline{a}_{n}/\overline{\alpha})-(\frac{(d+1)(d+2)}{2}-(n+1))$
$\geq$ $\mathrm{t}\mathrm{r}\deg(\overline{\alpha})-(\frac{(d+1)(d+2)}{2}-(n+1))=n$ .
Definition 2.3 $L=\{+, \cdot, 0,1, C(x, y)\}$ $K$ $C_{\overline{a},d}$
$\overline{a}\in K_{\text{ }}$ $d$ generic curve $K$ $C(x, y)$
$C_{\overline{a},d}(K)$ $L$- $T_{d}=\mathrm{T}\mathrm{h}(K, C)$ Th$(K, C(x, y))$ $\overline{a}$
Generic
3 $(K, C(x, y))$
$K$
Setting 3.1 $C(x, y)$ ($K$ )2
$(K, C(x, y))\in \mathcal{K}$
1. $K \models\bigwedge_{i=1}^{n}C(a_{i},b_{i})\wedge\bigwedge_{1\leq i\neq j\leq n}(a_{i}, b_{i})\neq(a_{j},b_{j})$
trdeg$(a_{1},b_{1}, \ldots,a_{n},b_{n})\geq n$.
2. $k\subset K,$ $\mathrm{t}\mathrm{r}\deg(k)<\omega$ trdeg $(k)\geq|C(k)|\mathrm{J}$ 1





$(a_{n}, b_{n})\in C$ $k=\mathrm{F}(a_{1}, b_{1}, \ldots, a_{n}, b_{n})$
$|C(k)|<\omega^{-}C\mathrm{t}\mathrm{r}\deg(k)\geq|C(k)|\geq n$.
Deflnition 3.2 $k,$ $k’,$ $k”$ $K\in \mathcal{K}$
1. $\delta^{\backslash }(k):=\mathrm{t}\mathrm{r}\deg(k)-|C(k)|(\in \mathrm{N})$
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2. $k\subseteq k’$ $\delta(k’/k):=\delta(k’)-\grave{\delta}(k)=\mathrm{t}\mathrm{r}\deg(k’/k)-|C(k’)-C(k)|$ .
3. $k\subseteq k’$ $k\leq k’\Leftrightarrow$ $k\subseteq k’’\subseteq k’$ $\delta(k’’/k)\geq 0$
$\mathrm{r}\mathrm{x}\subset_{\omega}$ $C(k’)-C(k)\subset k^{J2}$ trdeg$(X/k)\geq|X|$
4. $k\subset K$
$k\leq K\Leftrightarrow$ $k\subseteq k’\subset K$ $k\leq k’$ $\mathrm{F}\leq K$ .
Lemma 3:3 $K\in \mathcal{K}$ $k,$ $k_{1},$ $k_{2},$ $\ldots$
1. $k\subseteq k’\leq K$ $K$ $k’$
2. $k\leq k_{1},k_{1}\leq K$ $k\leq K$ .
3. $k_{1},k_{2}\leq K$ $k_{1}\cap k_{2}\leq K$ .
4. $k$ $k\subseteq k’\leq K$ $k’$ ($K$ $k$ Closure)
$k’=\mathrm{c}1_{K}(k)$
5. $k_{1}\leq k_{2}\leq\ldots\leq k_{i}\leq\ldots$ $k_{i} \leq\bigcup_{i<\omega}k_{i}$ .
6. $K_{1},$ $K_{2}\in \mathrm{K},$ $k\leq K_{1}$ $K_{2}\leq K_{1}\oplus_{k}K_{2}\in \mathrm{K}$ .
$K_{1}\oplus_{k}K_{2}=(\overline{K_{1}\otimes_{k}K_{2}}, C(K_{1})\mathrm{U}C(K_{2}))$ $K_{1}\otimes_{k}K_{2}$ $K_{1},$ $K_{2}$
$k$ $K_{1},$ $K_{2}$
Lemmma 3.3 Generic $K\in \mathcal{K}$
Definition 3.4 $K\in \mathcal{K}$ $(\mathcal{K}, \leq)$ -generic $k\leq K,$ $k\leq k_{1}$ $k_{1}\cong_{k}$
$k_{1}’\leq K\mathrm{J}$
Remark 3.5 $K,$ $K’\in \mathcal{K}$ generic $K\equiv K’$ .
Proposition 3.6 $(\mathcal{K}, \leq)- gene\dot{n}c$ $(+, \cdot, 0,1, C(x, y))$ - $T$
$\bullet$ 1:
$\bullet$ 2 ($\mathcal{K}$ ): $n<\omega$ $P\in \mathrm{F}[X_{1}, \ldots, \lambda_{r_{\iota}}^{r}]$
$\forall x_{10},$ $x_{11},$ $\ldots,$ $x_{n0},$
$x_{n1}( \bigwedge_{i=1}^{n}C(x_{i0}, x_{i1})\wedge\bigwedge_{1\leq i\neq j\leq n}(X_{i0,x_{i_{\wedge}^{\gamma_{1}}})}\neq(x_{j0}, x_{j1})$
$arrow _{\sigma\in 2}{}_{n}P(x_{1\sigma(1)}, \ldots, \prime x_{n\sigma(n)})\neq 0)$
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$\bullet$ $\varphi(x_{10}, x_{11}, \ldots, x_{n}0, x_{n1},\overline{z})$ $\mathrm{F}$ - $\sigma\in 2^{n}$




$\forall\overline{z}\exists\overline{x}(\psi_{\varphi,\sigma}(\overline{z})\sigma\in \mathit{2}^{n}arrow(\bigwedge_{i=1}^{n}C(x_{i0}, x_{i1})\wedge\varphi(\overline{x},\overline{z}\rangle))$ .
Claim 1 $K$ $\mathcal{K}- gene7^{\cdot}ic$ $K$ 1,2,3
Proof. $K\models\psi_{\varphi,\sigma}(\overline{d})$ $K\models\varphi(\overline{a},\overline{d})_{\text{ }}\mathrm{t}\mathrm{r}\deg(a_{1\sigma(1)}, \ldots, a_{n\sigma(n)}/\overline{d})=n$ .
$\overline{a}$ $k=\mathrm{c}1_{K}(\overline{d}),$ $k’=\overline{k(\overline{a})}$ $C(k’)=C(k)\cup$
$\{(a_{10}, a_{11}), \ldots, (a_{n0}, a_{n1})\}$ $k\leq k’\in \mathrm{K}$ $k’$ $k$
$K$ $C(x, y)$ $K \models\exists\overline{x}(\bigwedge_{i=1}^{n}C(x_{i’\mathrm{u}}, x_{i1})\wedge\varphi(\overline{x},\overline{d}))$
Claim 2 1,2,3 $\omega$ - $\mathrm{A}I$ K-gene c.
Proof. $k\leq \mathrm{A}/\mathit{1},$ $k\leq K$ $k\leq K$ $\leq- \mathrm{f}\mathrm{f}\mathrm{l}’$ 3
Case 1: $\delta(K/k)=0$ $k\subset k’\subset K$ $\delta(K/k’)<0$
trdeg$(K/k)=n$ $\dot{\delta}(K/k)=0$ $C(K)-C(k)=\{(\prime a_{i0}, a_{i1})$ : $i=$
$1,$
$\ldots,$
$n\}$ . $\sigma\in 2^{n}$ $\varphi(\overline{x},\overline{d})\in \mathrm{t}\mathrm{p}(\overline{a}/k),\overline{d}\in k$
trdeg$(\exists x_{1\sigma(1)}\ldots, x_{n\sigma(n)}\varphi(\overline{x},\overline{d})/\overline{d})=n$ .
$\Lambda,I\models\psi_{\varphi,\sigma}(\overline{d})$ 3 $\mathrm{A}I\models\varphi(\overline{\alpha},\overline{d})\wedge\bigwedge_{i=1}^{n}C’(\alpha_{i}0, \alpha_{i1})$ .
$\overline{k^{n}(\overline{a})}=K\cong_{k}\overline{k^{*}(\overline{\alpha})}$ $\overline{\delta}(\overline{k(\overline{\alpha})}/k)=0$ $\overline{k(\overline{\alpha})}\leq\Lambda I$
Case 2: $\delta(K/k)=1,$ $\mathrm{t}\mathrm{r}\deg(K/k)=1,$ $C(K)=C(k)$
$K=\overline{k(a)}$ $K\models\varphi(a_{10}, a_{11},\overline{d})$ $\mathrm{t}_{1}\mathrm{r}\deg(\varphi(x_{10}, x_{11},\overline{d})/\overline{d}\grave{)}=1$ .
$\exists x_{1}x_{2}(x_{10}=x^{\frac{1}{1n}}\wedge x_{11}=x^{\frac{1}{2^{n}}}\wedge\varphi(X_{10x_{11},\overline{z}))}$, 3 $K\cong(k,+,\ldots,0,1)$
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$K_{n}=\overline{k(\alpha_{01},\alpha_{11})}\subset M$
$C(K_{n})-C(k)=\{(\alpha_{0}^{\frac{1}{1^{n}}}, \alpha^{\frac{1}{11n}})\}$ $K_{n}\leq\Lambda I$.
$\Psi_{n}(x_{10}, x_{11})=\{\neg\exists u\exists v(C(u, v)\wedge f(x_{10}, x_{11}, u)=0\wedge g(x_{10}, x_{11}, v)=0\wedge$
$h(u)\neq 0\wedge p(v)\neq 0)$ : $f(X, Y, Z),$ $g(X, \mathrm{Y}, Z)\in k[X, \mathrm{Y}, Z],$ $\deg_{Z}(f\underline{),\deg_{Z}(g)}<$
$n,$ $h(X),p(X)\in k[X]\}\cup\{\overline{k(x_{01},x_{11})}\leq M\}$ $K_{n}$ $(\{k(x_{01}, x_{11})\leq$
$\Lambda I\}$ unary predicate ) $k$ parameter
$M$ $\omega$- $\bigcup_{n<\omega}\Psi_{n}$ $(\beta_{10}, \beta_{11})\in\Lambda\ovalbox{\tt\small REJECT} I^{2}$ $K’=$
$\overline{k(\beta_{10},\beta_{11})}$ $C(K’)-C(k)=\emptyset$ $K\cong_{k}K’\leq\Lambda I$
4 $T= \lim_{darrow\infty}T_{d}$
T= 1+ 2+ 3 d
1 OK 2 Remark 2.2 $\mathrm{O}\mathrm{K}$ .





$T_{d} \vdash-\forall\overline{z}\exists\overline{x}(\psi_{\varphi,\sigma}(\overline{z})\sigma\in 2^{n}arrow(\bigwedge_{i=1}^{n}C(x_{i0},x_{i1})^{-}\wedge\varphi(\overline{X},\overline{Z}_{)^{1}}^{\backslash \backslash }))$
Proof. $C_{d}$ $\deg=d$ generic curve $1_{\text{ }}$
$\overline{\alpha}$ trdeg $( \overline{\alpha})=\frac{(d+1)(d+2)}{2}-1=:N$
Claim 3 $K\models\psi_{\varphi,\sigma}(\overline{e})$ $\psi$’ $K\models\varphi(\overline{a},\overline{e})$ $n=\mathrm{t}\mathrm{r}\deg(a_{1*}, \ldots, a_{n*}/\overline{e})$
$\overline{a}=(a_{10}, a_{11}, \ldots, a_{n0}, a_{n1})\in K$












(Remark 2.2 2 trdeg $(\overline{\beta}/\overline{a})=N-n$ $\overline{\beta}$ $\overline{a}$ $\overline{e}$
trdeg $(\overline{\beta}/\overline{a}\overline{e})=N-n$. $C_{\overline{\beta}}(a_{i0}, a_{i1})$ A trdeg $(\overline{a}/\overline{\beta}\overline{e})\leq n$.
$\vee\supset \text{ }\mathrm{t}\mathrm{r}\deg(\overline{\beta}/\overline{e})+n\geq \mathrm{t}\mathrm{r}\deg(\overline{\beta}/\overline{e})+\mathrm{t}\mathrm{r}\deg(\overline{a}/\overline{\beta}\overline{e})=\mathrm{t}\mathrm{r}\deg(\overline{a}\overline{\beta}/\overline{e})=\mathrm{t}\mathrm{r}\deg(\overline{\beta}/oe--)+$
$\mathrm{t}\mathrm{r}\deg(\overline{a}/\overline{e})=N-n+n+m$
$\circ$ )
$A_{2}\subseteq\{(a_{10}, a_{11}), \ldots, (a_{n0}, a_{n1})\}$ trdeg $(\overline{a}/\overline{e}\overline{\beta})=\mathrm{t}\mathrm{r}\deg(A_{2}/\mathrm{b}^{\mathcal{Q}}-\overline{\beta})$
$A_{1}$ $n_{1}=|A_{1}|,$ $n_{2}=|A_{2}|$ trdeg $(A_{1}/\overline{e})\geq n_{1}$
trdeg$(A_{1}A_{2}/\overline{e})=n_{1}+n_{2}+m$ A $\text{ }$
trdeg $(A_{2}/\overline{e}A_{1})\leq n_{2}+m$
$l=\mathrm{t}\mathrm{r}\deg(A_{2}/\overline{e}\overline{\beta})=\mathrm{t}\mathrm{r}\deg(\overline{a}/\overline{e}\overline{\beta})$




$)$ $\overline{e}\overline{\beta}$- $A_{1}$ $A$
$||^{\frac{d}{n_{2}}]})\geq d$ & Remark 2.2 (7) 2 A $\text{ }\mathrm{t}\mathrm{r}\deg(\overline{\beta}/A)\leq N-d$








$N-n+m+l(1+[ \frac{d}{n_{2}}])\leq N+n+m+n_{2}+m(1+[\frac{d}{n_{2}}])$ .
$l \frac{d}{n_{2}}\leq l(1+[\frac{d}{n_{\mathit{2}}}])\leq 2n+n_{2}+m\frac{d}{n_{2}}$.
$l \leq(2n+n_{2})\frac{n_{2}}{d}+m$ .
$d$ $l\leq m$ Subclaim
$V=1\mathrm{o}\mathrm{c}(\overline{\alpha}/\overline{e}),$ $W=1\mathrm{o}\mathrm{c}(\overline{\beta}/\overline{a}\overline{e})$
trdeg$(V\cap W)\geq \mathrm{t}\mathrm{r}\deg(W)+\mathrm{t}\mathrm{r}\deg(V)-N=N-n+\mathrm{t}\mathrm{r}\deg(V)-\mathit{1}^{-\backslash }\mathrm{V}^{\tau}=\mathrm{t}\mathrm{r}\deg(V)-$
$n$ $d$ trdeg(V) $\geq n$ $n\leq \mathrm{t}_{\epsilon}\grave{\mathrm{A}}arrow\deg(V)\leq n+$
$\mathrm{t}\mathrm{r}\deg(V\cap W)$ . $V\cap W\neq\emptyset$ .
trdeg $(\overline{\beta}\overline{a}/\overline{e})=\mathrm{t}\mathrm{r}\deg(\overline{a}/\overline{e})+\mathrm{t}\mathrm{r}\deg(\overline{\beta}/\overline{a}\overline{e})=n+m+\mathrm{t}\mathrm{r}\deg(V\cap W)\geq n+$
$m+\mathrm{t}\mathrm{r}\deg(V)-n=\mathrm{t}\mathrm{r}\deg(\overline{\alpha}/\overline{e})+m$ . $-h_{\text{ }}$ Subclaim A $\text{ }\mathrm{t}\mathrm{r}\deg(\overline{\beta}\overline{a}/\overline{e})=$
$\mathrm{t}\mathrm{r}\deg(\overline{\beta}/\overline{e})+\mathrm{t}\mathrm{r}\deg(\overline{a}/\overline{e}\sqrt{}^{-})\leq \mathrm{t}\mathrm{r}\deg(\sqrt{}^{-}/\overline{e})+m$ .









$\mathrm{A}’I=\Lambda I(n, e)$ $e$
$\overline{X}$
$f_{i}( \overline{X})=\sum_{m\in M}$ ( mm $V((a_{1m})_{m\in M}, \ldots, (a_{rm})_{m\in M})$ $J^{\mathrm{f}}1(\overline{X}),$ $\ldots f_{r}(\overline{X})$
k-Za ki
$V((a_{1m})_{m\in M}, \ldots, (a_{\mathrm{r}m})_{m\in M})$ $\Leftrightarrow k\models\varphi((a_{1m})_{m\in M}, \ldots, (a_{rm})_{m\in M})$
( ) $\varphi_{n,e,l}$
Generic
Remark 5.2 $(K, C^{K})\models T$ $(a, b)\in C^{K}$ $(K, C^{K}-(a, b))\models T$ .
$T$ $(K, C^{K})\equiv(K, C^{K}-(a, b))$ .
Proof. $(K, C^{K}-(a, b))$ 1,2




$(K, C^{K}-(a,b))\models\psi_{\varphi,\sigma}(\overline{d})$ $(K, C^{k})\models\psi_{\varphi’,\sigma}(\overline{d})$ $(K, C^{k})\models$
$\exists\overline{x}\bigwedge_{i=1}^{n}(C(x_{i0}, x_{i1})\wedge(x_{i\mathit{0}}, x_{i1})\neq(a, b))\wedge\varphi(\overline{x},\overline{z}))$ .
Zariski elementary
$[\mathrm{C}_{J}\mathrm{H}\mathrm{K}\mathrm{P}]$ O.Chapuis, E.Hrushovski, P.Koiran et B.Poizat, La limite des theorie
de courbes generiques, JSL, 67, 2002, pp.24-34.
[P] B.Poizat, Le carre de l’egalite, JSL, 64, 1999, $\mathrm{p}\mathrm{p}.1339-13^{r_{\backslash }}.\backslash 5$.
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